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1. Introduction

Banach fixed point theorem[1] appeared in 1922, which is useful to solve the existence of solutions for the various
nonlinear problems which used to arise in the various fields of sciences like biological, physical and social
sciences[13,14].

1.1. Preliminaries
Definition 2.1 [12]: Let X be a non-empty set and consider the function d: X X X — [0, o0) which satisfies the following
conditions:

(dq):d(x,x)=0
(dZ): d(xJ’) = d(y'x) =X = y
(d3): d(x!y) = d(y,X)

(dy): d(x,y) <d(x,z) +d(z,y), forall x,y,z€ X

Then d is called metric on X and (X, d) is called a metric space.

Definition 2.2 [12]: A sequence {x,} in a metric space (X,d) is said to be convergent to z, if lim d(x,,z) =0 =
n—-oo

lim d(z, x,,). Here z is called limit point of a sequence{x,,}.

n—oo

Definition 2.3 [12]: A sequence {x, } in a metric space (X, d) is said to be Cauchy sequence if for a given € > 0, there exist
ang, € Nsuch that forall m,n = n, , d(x,, %, ) < € or d(Xp, X )

Definition 2.4 [12]: A metric space (X, d) is said to be complete, if every Cauchy sequence in X is convergent to a point in
X.

Definition 2.5 [12]: Let (X, d) be a metric space and let f: X — X be a mapping. Then a point x € X is a fixed point of f if
fx) = x.

Theorem 2.6 [1](Banach): Let (X,d) be a complete metric space and f:X — X be a contraction, i.e. f satisfies
d(fx, fy) < ad(x,y) forall x,y € X and a fixed constant ¢« < 1. Then there exists a unique fixed point of f in X.

After the Banach, there was an open problem for researcher that if the map is of non-contractive type, then whether the
map has a fixed point ? And the positive answer in case of complete metric space was given by by Kannan in the form of
following theorem in 1968.
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Theorem 2.7 [2](Kannan): Let f: X — X, where (X, d) is a complete metric space and f satisfies the condition
d(fx, fy) < Bld(x, fx) + d(v, fy)],

where 0 < 8 < iand x,y € X. Then f has a unique fixed point in X.

In 1999, Sarkhel [3,5], proved Kannan fixed point theorem using Banach’s fixed point theorem. In 1972, the related fixed
point theorem to the Kannan was given by Chatterjea as follows:

Theorem 2.8 [4]: Let (X,d) be a complete metric space. Let T be a Chatterjea mapping on X, i.e. there exists r € [0,%)
satisfying
d(Tx,Ty) < r(d(x,Ty) +d(y,Tx)), forall x,y € X.

Then T has a unique fixed point.
The generalization of Banach fixed point theorem, Kannan fixed point theorem and Chatterjea fixed point theorem have
been established by various authors in [7,8,9,10,11,15-25] etc.

In this paper we give two theorems which will be study of Kannan fixed point theorem and Chatterjea fixed point
theorem combinely.

Main Results
Theorem 3.1: Let (X, d) be a complete metric space and f: X — X be a mapping satisfying the condition

d(fx, fy) < ar[d(x, fx) + d(y, fY] + ax[d(x, fy) + d(y, f0)] ... (D)
forallx,y € X,0< a4, a, < % anda; +a, < % Then £ has unique fixed point in X.
Proof: Let x, be an arbitrary point in X and consider the iterative sequence as
Xp = f"xg = fx,_, foralln e N
Then  d(xy,x;) = d(fxo, fx1)
< aq[d(xg, fxo) + d(xq, fx)] + ay[d(xg, fx1) + d(xq, fx,)] (by equation (1))
= a.[d(xg, x1) + d(xq, x,)] + ay[d(xg, x5) + d (1, x1)]
= a;d(xg,x1) + a;d(xq, x5) + a,d(xg, x5) (as d(xi,x) =0)
< a;d(xg,x1) + a;d(xq, x3) + ay[d(xg, x1) + d(xq,x,)] (by triangle inequality)

w1 = (ag + az)]d(xq, x2) < (ag + az)d(xo, x1)

(xl!xZ) -1 = (a1 + a2) (xorxl)

ai+a;
1-(aq+az)

d(xq,x3) < Bd(xg,x1) , Where B =
d (x5, x3) < B%d(xg,x1)
d(x3,x,) < B3d(xg,x1)
In general, if n is any positive integer, then
d(xn, Xn41) < B"d(x0, x1)
If p is any positive integer, then by triangle inequality we have,

d(xn' xn+p) < d(xp Xpt1) + d(nty, Xnya) + oo+ d(xn+p—1: xn+p)

< Brd(x, x1) + B d (xg, x1) + -+ + P (2, X1)
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=(B™ + B 4 e+ BT (X0, X4)
=B+ B+ -+ BPHd (%9, X1)

B" B"
< 18 d(xg,x1) = 8 d(xo, fxo)
Since, 0 < aq, a, <%, anda; +a, <§,wehave0 < f < 1landso

d(xn,xn+p) —»0asn—- o .. (2)
Therefore, {x,,} is a Cauchy sequence. As X is complete metric space, we have

limx, =z € X -.(3)

n-co
Now, we will show that this z is a fixed point of f.
For this, we have by triangle inequality
d(z, fz) <d(z,x,) +d(x,, fz)
< d(z,x,) + d(fxn-1, f2)
<d(z,x,) + a;[d(p_y, fXn-1) + d(z, f2)] + ay[d(xy—1, fz) + d(z, fx,—1)] (by equation (1))
<d(z,x,) + a1d(xp_q, fxn_1) + a1d(z, fz) + a,d(xp_1, f2) + ayd(z, fxn_1)
<d(z,x,) + a1d(xXp_1, fXn_1) + a1d(z, fz) + ay[d(xp_q,2) + d(z, f2)] + a,d(z, fxp_1)
(by triangle inequality)
a1 =(a; +ax)ld(z fz) <d(z,x,) + a;d(p_q, %) + ayd (Xp_1, fXn_1)
=d(z,x,) + a;d(xp_q, X)) + ayd(Xp_1, X,)
<d(z,x,) + (a; + ay)d(x,_1, %)
As n — oo by equations (2) and (3), we have
[1-(a; +ay)]d(z fz) <0.
Butas 1 — (a; + a,) > 0 this implies d(z, fz) < 0 and by definition of metric space we have d(z, fz) = 0
Therefore we get, d(z, fz) = 0 i.e. fz = z and z is a fixed point of f.
Uniqueness:

Now, we will prove that z is a unique fixed point of f. For this, assume that z and z, are two distinct fixed points of f.
Then

d(z,z,) = d(fz, fz;) < a.[d(z, fz) + d(zy, fz1)] + a,[d(z, fz,) + d(z,, f2)] (by equation (1))
=a,d(z,2z) + a,d(zy,z,) + a,d(2,2,) + a,d(2y, 2)
= 2a,d(z,z,) (asd(z,z) = d(z,,z;) = 0and d(z,z,) = d(z;,2))

implies (1 — 2a,)d(z,z;) <0i.e.d(z,z;) <0as (1 —2a,)>0.

Therefore, d(z,z,) = 0 i.e. z = z;, which is a contraction.

Hence z is a unique fixed point of f.
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Theorem 3.2: Let (X, d) be a complete metric space. Suppose that f;, f,: X — X are continuous self-mappings satisfying
the following conditions:

d(fix, 2¥) < ay[d(x, f1x) + A, L3)] + az[d(x, f2y) + Ay, f10)] .. (D)
forallx,y € X,0< a,, a, < % anda, +a, < % Then f; and £, have a common unique fixed point in X.
Proof: Let x, be an arbitrary point in X and consider the iterative sequence as
Xo, X1 = f1X0, X3 = f1X1, ) Xong1 = fiXon
Xy = f2X1,X3 = [2X2, o, Xon = foXonq  foralln €N
Now consider,
d(X2n41, X2n+2) = A(fiXon, f2Xon41)
< aq[d (o, fixan) + d(nsr, f2Xons )] + a2[d(xon, f2X2n41) + d(Xans1, fix2,)] (b equation (1))
= a1[d(Xzn, Xon41) + d(Xopi1, Xons2)] + a2[d(Xon, Xon42) + d(Xoni1, X2n41)]
< a;d(Xon, Xan41) + A1d(Xons1, X2n42) + A2d(Xon, Xape1) + 02d(X2n41, Xons2)
(@s d(xgn41,X2n41) = 0 and by triangle inequality)

[1— (ay + ax)]d(X2n41, X2n42) < (@1 + a2)d(Xop, X2041)

aitay

1-(az+az) d(Xzn, X2n+1) = Bd(Xon Xons1)

o d(Xons1) Xone2) <

aitaz

where g = aital)

<lasa, +a,< %
Similarly, d(xy,, Xon41) < Bd(Xon_1,%25), SO We have
d(X2n+1 Xant2) < B2d(X2n-1, X2n)
Continuing in this way we get,
d (X, Xp41) < BTd(x0,%1)
Using triangle inequality for n,p € N with p > n, we have
(%, %) < dCy, Xpa1) + Xt Xns2) + -+ d a1, Xnap)
< B"d(xg, %) + B d(xg, x1) + - + BP 1A (x, x1)

SBMI+B+ B+ + BPHd(xo, 1)

Bn
< J d(xo, xl)
For r > 0, we can choose a positive integer n, such that, f_—;d(xo,xl) <r

For any n,p = ny, we have d(x,, xp) < %d(xo, x) < %d(xo,xl) <r
Asr— 0, d(xpxy)—0
Therefore, {x,,} is a Cauchy sequence in a complete metric space (X, d).

Hence, there exist a point z € X, such that lim x, =z € X.
n—oco
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Here, the subsequences {x,,} and {x,,.,} of the sequence {x,,} also converges to z.
As f; is continuous mapping so
rlll_{rolo Xong1 =2 = 1!1,1—1330 fixons1 = iz = Tlll_f}olo Xon+2 = f1Z
This implies, f;z = z and hence z is a fixed point of f;.
Similarly, using the continuity of f,, one can show that f,z = z
Therefore z is a common fixed point of f;and f,.
Uniqueness:
Let z and z, be two distinct common fixed points of f; and f,.

Now, consider
d(fiz, f2z1) < a,[d(z, f12) + d(z, f,21)] + a,[d(z, f,2,) + d(zy, f1z)] (by equation (1))
d(z,z)) < a.[d(z,z) + d(z1,z1)] + a,[d(z,z,) + d(zq, 2)]

(@s 1(2) = 2,f,(2) = 2, f1(21) = 21, f2(z1) = 1)
d(z,z;) < 2a,d(z,z;) (asd(z,z,) = d(z,,2))
~(1-2ay)d(z,2z,) <0.
But (1 — 2a,) > 0andso d(z,z;) < 0and hence d(z,z;) =0, . z=z; whichis a contradiction.
Therefore, z is a unique common fixed point of f; and f,.

2. Conclusion
In this research article, we proved two fixed point theorems with the help of Kannan fixed point theorem and
Chatterjea fixed point theorem.
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