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Abstract 

In this research paper, we have proved uniqueness and existence of common fixed point 

theorems for complete dislocated quasi-metric space (DQMS). Our results generalizes fixed 

point results in complete DQMSin existing research. 
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1. Introduction 

Fixed point theorem given by S. Banach [3] appeared in 1922, which is 

useful to solve the existence of solutions for the various nonlinear problems 

which used to arise in the various fields of sciences like biological, physical 

and social sciences. In 1994, S. Abramski et al. gave few facts pertaining the 

dislocated metric (DM). The notion of DM space was initiated by P. Hitzler et 

al. [4] in 2000 and gave some extensions of Banach contraction principle in 

complete dislocated metrics space (DMS). Zeyada et al. [8] in 2006 gave the 

generalization of results given by Hitzler and Seda in DQMS. Aage and 

Salunkein [1] gave some results in DQMS in 2008. For more results about 

dislocated quasi-metric space one can refer [5, 6]. In this paper, we will use 

the acronym DQMS for dislocated quasi-metric space. 

2. Preliminaries 

Definition 2.1 [7]. For 0X  consider the map   ,0: XXd  

which satisfies: 

      yxxydyxddq  0,,1  

        Xzyxyzdzxdyxddq  ,,,,,,2  

Here d is called dislocated quasi-metric on X and  dX,  is DQMS. 

Definition 2.2 [7]. In a DQMS  ,, dX  sequence  nx  converges to z, if 

   .,lim0,lim nnnn xzdzxd      

Definition 2.3 [7]. In a DQMS    nxdX ,,  is said to be Cauchy if for a 

given  0,0 n  such that,    mn xxdnnm ,,, 0  or   ., nm xxd  

Definition 2.4 [7]. ADQMS  dX,  is complete, if each Cauchy sequence 

in X is dq-convergent to a point in X. 

Definition 2.5 [7]. If  dX,  be a DQMS. Then XXf :  is contraction 

if 10   such that for all    .,,,, yxdfyfxdXyx   

Theorem 2.6 [8]. Let  dX,  be a complete DQMS and let XXT :  be 

continuous contraction function. Then in X there exists a unique fixed point of 

T. 
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Theorem 2.7 [1]. Suppose  dX,  is complete DQMS and XXT :  be 

a continuous se lf mapping such that    TyTxdXyx ,,,    

     .
2

1
0,,,  TyydTxxd    

Then fixed point of T is unique. 

3. Main Results 

Theorem 3.1. In complete DQMS  ,, dX  suppose XXT :  be 

continuous mapping, such that 

2

1
0,

2

1
0,,  Xyx  and ,14   

      
    

 yxd

TxxdTyyd
TxydTyxdTyTxd

,1

,1,
,,,




  (3.1) 

Then Xu !  such that   .uuT    

Proof. Suppose Xx 0  and  nx  a sequence in X such that .1 nn xTx   

Consider,  

           1111 ,,,, nnnnnnnn xxdTxTxdTxTxdxxd   

    
 nn

nnnn

xxd

TxxdTxxd

,1

,1,

1

11








  

    
    

 nn

nnnn
nnnn xxd

xxdxxd
xxdxxd

,1

,1,
,,

1

11
11




 


  

           1111111 ,,,,,   nnnnnnnnnn xxdxxdxxdxxdxxd  

 (by triangle inequality and    0, nn xxd   

     nnnn xxdxxd ,2,21 11    

i.e.  
 

   ,,,
21

2
, 111 nnnnnn xxdxxdxxd  




   where 

 
,1

21

2





   
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[since   122140    

i.e.  
 

1
21

2
212 




   

Similarly,    121 ,,   nnnn xxdxxd   

   12
2

1 ,,   nnnn xxdxxd  

Continuing in this way, we get 

   101 ,, xxdxxd n
nn   

Now, for any Xnm ,  with ,nm   using the triangle inequality, we 

have 

       mmnnnnmn xxdxxdxxdxxd ,,,, 1211     

     10
1

10
1

10 ,,, xxdxxdxxd mnn     

  ,,
1 10

11 xxd
n

mnn




    since 1  

For any ,0  choose N  with   .,
1 10 




xxd

N

  

For any ,, Nnm   we have 

      








 1010 ,

1
,

1
, xxdxxdxxd

Nn

mn  

 nx  is Cauchy in  ., dX  Therefore    121 ,,   nnnn xxdxxd  

Xu   with .lim uxnn   

T  is continuous,   

    uxxTxTTu n
n

n
n

n
n

 


1limlimlim  

Hence,   .uuT    

Uniqueness of fixed point: 

Suppose that for Xvu ,  with vu   and     ., vvTuuT    



SOME RESULTS ON FIXED POINT THEOREMS … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022 

4115 

We will show that   0, uud  and   .0, vvd  If   ,0, uud  then by 

equation (3.1), we have           TuudTuudTuTuduud ,,,,   

    
 

     uuduud
uud

TuudTuud
,,2

,1

,1,





  since 120   

which is a contraction. Hence   .0, uud  

Similarly, one can show that   .0, vvd  

Now, we will show that     0,,  uvdvud   

From equation (3.1), we have 

        
    

 vud

TuudTvvd
TuvdTvudTvTudvud

,1

,1,
,,,,




  

    
    

 vud

uudvvd
uvdvud

,1

,1,
,,




  (3.2) 

and 

        
    

 uvd

TvvdTuud
TvudTuvdTvTuduvd

,1

,1,
,,,,




  

    
    

 
.

,1

,1,
,,

uvd

vvduud
vuduvd




  (3.3) 

From equations (3.2) and (3.3), we get, 

       .,,0,, uvdvuduvdvud   (3.4) 

Using equation (3.4) in equations (3.2) and (3.3), we get  vud ,   

 uvd ,0   

Therefore, by definition of DQMS, ,vu    which is a contradiction. 

Hence, Xu !  with   .uuT   

Theorem 3.2. For a complete DQMS  ,, dX  let XXT :  be a 

continuous mapping, such that 21321 42,
2

1
,,0,,  Xyx    

,13   
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             TxydTyxdTyydTxxdTyTxd ,,,,, 21  

    
 yxd

TxxdTyyd

,1

,1,
3 


   (3.5)  

Then Xu !  with   .uuT   

Proof. Suppose Xx 0  and  nx  be sequence in X such that 

.1 nn xTx   

Consider,    nnnn TxTxdxxd ,, 11    

         nnnnnnnn TxxdTxxdTxxdTxxd ,,,, 12111    

    
 nn

nnnn

xxd

TxxdTxxd

,1

,1,

1

11
3








  

         1112111 ,,,,   nnnnnnnn xxdxxdxxdxxd  

    
 nn

nnnn

xxd

xxdxxd

,1

,1,

1

11
3








  

       121121111 ,,,,   nnnnnnnn xxdxxdxxdxxd  

     131212 ,,,   nnnnnn xxdxxdxxd  

(by triangle inequality) 

       nnnn xxdxxd ,2,21 1211321    

i.e.  
 

 
   ,,,

2

2
, 11

321

21
1 nnnnnn xxdxxdxxd  




  where 

 
 

1
21

2

321

21 



  

[since     12211420 32121321   

i.e.    
 
 

1
21

2
212

321

21
32121 




  

Similarly,    121 ,,   nnnn xxdxxd  



SOME RESULTS ON FIXED POINT THEOREMS … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022 

4117 

   12
2

1 ,,   nnnn xxdxxd  

Continuing in this way, we get 

   101 ,, xxdxxd n
nn   

Now, for any Xnm ,  with ,nm   using the triangle inequality, we 

have 

       mmnnnnmn xxdxxdxxdxxd ,,,, 1211     

     10
1

10
1

10 ,,, xxdxxdxxd mnn     

  ,,
1 10

11 xxd
n

mnn




    since 1  

For any ,0  choose N  with   .,
1 10 




xxd

n

 

Then for ,, Nnm   we have 

      








 1010 ,

1
,

1
, xxdxxdxxd

Nn

mn  

Similarly, it is easy to show   nm xxd ,  

This shows that,  nx  is a Cauchy in DQMS  ., dX  Therefore Xu   

such that .lim uxnn   

Since T is continuous, so we have 

    uxxTxTTu n
n

n
n

n
n

 


1limlimlim  

Hence,   .uuT   

Uniqueness of fixed point: 

For Xvu ,  with vu   and     ., vvTuuT    

We will show that   0, uud  and   .0, vvd  If   ,0, uud  then by 

equation (3.5), we have           TuudTuudTuTuduud ,,,, 1  
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    
    

 uud

TuudTuud
TuudTuud

,1

,1,
,, 32 


    

     uuduud ,,22 321   

since   ,1220 321    which is a contraction. Hence   .0, uud   

Similarly, one can show that   0, vvd  

Now, we will show that     0,,  uvdvud  

From equation (3.5), we have 

   TvTudvud ,,   

         TuvdTvudTvvdTuud ,,,, 21   

    
 vud

TuudTvvd

,1

,1,
3 


  

         
    

 vud

uudvvd
uvdvudvvduud

,1

,1,
,,,, 321 


  (3.6) 

And 

   TuTvduvd ,,   

         TvudTuvdTuudTvvd ,,,, 21   

    
 uvd

TvvdTuud

,1

,1,
3 


  

         
    

 uvd

vvduud
vuduvduudvvd

,1

,1,
,,,, 321 


  (3.7) 

From equations (3.6) and (3.7), we get 

       uvdvuduvdvud ,,0,,   (3.8) 

Using equation (3.8) in equations (3.6) and (3.7), we get 

   uvdvud ,0,   

Therefore, by definition of DQMS, ,vu   which is not true. 

Xu  !  such that   .uuT    
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4. Conclusion 

Here we proved two fixed point theorems for self-continuous function in 

complete DQMS which combines, generalizes a number of familiar results in 

the history of fixed point theory. 
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